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ABSTRACT
The objective of this paper is to establish some common fixed point theorems for weakly increasing maps in
partially ordered complete metric spaces satisfying a Geraghty’s type contraction. In fact here we generalized the
earlier fixed point results of Gordji et al. [6].
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1. INTRODUCTION
In few recent years many outcomes related to fixed point, coincidence point and common fixed point for some
kinds of contractions in partially ordered metric spaces have been obtained. The existence of fixed points in
partially ordered sets has been initiated by Ran et al. [11] with some applications to matrix equations. After that,
Nieto et al. [8, 9] extended the outcomes of Ran et al. [11]. Further, Altun & Simsek [3] introduced the concept
of weakly increasing maps and obtained certain results regarding to common fixed point in ordered metric spaces.

Banach contraction principle in a complete metric space by replacing the Cauchy condition for convergence of a
contractive iteration by an equivalent functional condition is achieved by Geraghty [5]. Further, Harandi et al. [4]
extend the result of Geraghty [5] for generalized contraction in partially ordered complete metric space. In recent
times, Gordji et al. [6] generalized the result of Harandi et al. [4] in the partially ordered complete metric spaces.

The main purpose of this paper is to obtain some generalizations of Gordji et al. [6] for common fixed point
theorems for weakly increasing maps in partially ordered complete metric spaces satisfying generalized
contraction.

2. PRELIMINARIES
We start this section by some basic notations, definitions and results which are used in sequel.

Definition 2.1: Let (X, <) be a partially ordered set and f, g: X — X are said to be
(2.1.1) weakly increasing mapping if fx < gfx and gx < fgx forallx € X. ([3])
(2.1.2) partially weakly increasing mapping if fx < gfx forallx € X. ([1])
Note that pair (f, g) is weakly increasing if and only if ordered pair (f, g) and (g, f) are partially
weakly increasing but two weakly increasing maps need not be increasing.
Further, Nashine et.al [7] gave

Definition 2.2:[7] Let (X, d, <) be a partially ordered metric spaces. Then X is regular if

(2.2.1) if a non-decreasing sequence {x,} in X exists such that x, > x € X asn — o thenx, < x, Vn.
Geraghty [5] generalized the Banach contraction principle in metric spaces and proved that
If S is the family of functions a: R* — [0, 1) such that a(t,) — 1 implies t, - 0;
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Theorem 2.3:[5] Let f:X — X be a contraction of a complete metric space X satisfying '
(2.3.1) d(fx, fy) < a(d(x,y))d(x,y), Vx y € X, where@ € S which need not be continuous. Then for
any arbitrary point x, the iteration x,, = f(x,,_;), n = 1 converges to a unique fixed point of f in X.
Further, Harandi et al. [4] generalized Theorem 2.3 in partially ordered metric spaces.

Theorem 2.4:[4] Let (X,<) be a partially ordered set and there exists a metric d in X such that (X,d) is a
complete metric space. Let f: X — X be a non-decreasing mapping such that there exists x, € X withx, < fx,
satisfying (2.3.1) Vx,y € X withx = y and
(2.4.1) either f is continuous or (2.2.1) holds.
(242)Vx,y € X thereexistsu € X which is comparable to x and y. Then f has a unique fixed point.
Recently, Gordji et al. [6] generalized the result of Harandi et.al [4] in partially ordered complete metric
spaces and proved that:
Let ¥ is the class of the functions Y : [0, ) — [0, ) such that
(i) Y is non-decreasing; (i) Y is continuous; (iii) Y (t) = 0iff t = 0; (iv) Y(s +t) < ¥(s) + P(t).

Theorem 2.5:[6] Let (X,<) be a partially ordered set and there exists a metric d in X such that (X,d) is a
complete metric space. Let f: X — X be a non-decreasing mapping such that there exists x, € X with x, < fx,
satisfying (2.4.1), (2.4.2)Vx,y € X withx = y,

@.5.1) Y(d(fx ) < a(¢(d(x,y)))¢(d(x,y)), where @ € S, ) € .

Then f has a unique fixed point.

Lemma 2.6:[10] Let (X,d) be a metric space and {x,} be a sequence in X such that d(x,,,4, x,,) is non-
increasing and d(xp,,q, X,) =0

If {x,, } is not a Cauchy sequence then there exists an € > 0 and two sequences {m,,} and {n, } of positive integers
such that the following four sequences tends to € ask — oo;

(2.6.1) {d(mek,xan)}, {d(mek'xanH)}: {d(mek—prnk)}: {d(mek—l'xanH)}-

3. MAIN RESULT
We generalize Theorem 2.5, for weakly increasing maps in partially ordered complete metric space.

Theorem 3.1: Let (X, <) be a partially ordered set and there exists a metric d in X such that (X, d) is a complete
metric space. Let f,g : X — X are weakly increasing maps such that fX € gX satisfying

(3.1.1) v,b(d(fx, gy)) <a (1/J(M(x, y))) z,b(M(x,y)), where
MCx,y) = max{ dCe,y),dCs £),d0y,9¥),5 (@, ) + 0y, f)

forallx, y € Xwithx > y, « € Sandy € ¥.
(3.1.2) either f or g is continuous. Or (2.2.1) holds. Then f and g have a unique common fixed point.

Proof: Since f and g are weakly increasing mappings such that fX S gX so we can construct a sequence {x, }
in X starting with arbitrary x, € X such that
X1 = fxg £ gfxo=9%1, X3 = 9% < fgx; =[x, x3=fx; < gfx, = gx3, inductively
Xons1 = [Xop and Xopip = gXonyeq foralln = 0.ie.x; S x, S a3 < o0 < Xy S Xppq <o

Now we prove that { x,,} is a Cauchy sequence in X. For this let us consider that d(x,,,, X5p41) > 0 for
every n. If not then x,, = x,,,4, for some n, therefore using (3.1.1), we have

¢(d(x2n+1' x2n+2)) = ¢(d(fx2n'9x2n+1)) <a (¢(M(x2nﬂx2n+1))) ¢(M(x2n'x2n+1))'

where

1
M (%30, Xan11) = max{d(Xzp, X2p41), d(Xon, fX20), d(x2n+1'gx2n+1)'z (d(xgn, 9Xon41) + d(Xgni1, fX20))}
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1
= max{d (Xzn, X3n+1), d X200, X2n41), d(Xon11, Xon42), > (d(xgns Xon42) + d(Xone1, Xone1))}

1
= max{0,0, d (X211, X2n42)> > (d(X2n) X2p42) +0)}

= d(Xzn+1) Xon+2)-

Hence w(d(x2n+1.x2n+z)) = a (¢(d(x2n+1ﬂx2n+2)))¢(d(x2n+1ﬂx2n+2))-

Since 0 < a <1, we have Y(d (X341, X2n42)) < W(A(X2pt1, X2ne2)) @ contradiction.
Hence X,,41 = Xop42- Using the similar arguments, we obtain x5, ,» = X545 and so on. Thus { x, } turns out to
be a constant sequence and x,,, is the common fixed point of f and g.

Now d (X35, Xan41) > 0 for every n, since x = x,,, and y = x,,,,, are comparable so using (3.1.1), we
have

w(d(x2n+1.x2n+z)) = ¢(d(fx2nﬂgx2n+1))
Sa (¢(M(x2nﬂx2n+1))) ¢(M(x2nﬂx2n+1)) (3.1)

where

1
M (%30, Xan11) = max{d(Xzp, X2p41), d(Xon, fX20), d(x2n+1'gx2n+1)'z (d(xgn, 9Xon41) + dXgni1, fX2))}

1
= max{d (Xzn, X3n+1), d (X200, X2141), d(Xon11, Xon42), > (d(xgns Xon42) + d(Xone1, Xone1))}
= max{d (Xzn, X3n+1), d X2p41, X2n+2)}

Now
M (X0, X3n41) = either d(Xpp 41, Xon12) OF d(Xgn, X2p41)
If M(x30, Xon41) = A(X2p41, Xans2) then from (3.1), we have

w(d(x2n+1.x2n+z)) = a (¢(d(x2n+1ﬂx2n+2))) ¢(d(x2n+1ﬂx2n+2))’ since 0 < a <1, we have

V(A X yne1 Xone2)) < Y(AXzne1, X2ne2)) Which is a contradiction.
Hence M (X5, X2p41) = d (X3, X2041) and from (3.1), we have

w(d(x2n+1,x2n+z)) S a (¢(d(x2n'x2n+1))) ¢(d(x2n'x2n+1)) (3.2)
Since 0 < a <1, we have Y(d(Xpn41, X2n4+2)) < V(A (X, X2ns1)-
By similar argument for x = x,,_; and y = x,,, we have

YA (Xan Xane1)) < P(ACtzn-1,X20))

Hence for any n, w(d(x2n+1,x2n+2)) < ¢(d(x2n,x2n+1)) < 1/J(d(x2n_1,x2n)) ... implies that the sequence
{¥(d(x,, x,41))} is monotonically non-increasing sequence.

Hence there exists v > 0 such that Y(d(x,, xpp1)) =T (3.3)
From (3.2), we have

Y(d(x2n+1.X2n+2)) ( )
—_— < d s <1
Y(d&xanX2n+1)) @ 1/)( (xZn X2n+1))

Letting n — oo and using (3.3), we have a(@(d(xyn, X3n41))) = 1, since @ € S yields thatr =
0, consequently P (d(x,, X,41)) = 0.

Now we claim that {x,,} is a Cauchy sequence. Suppose on the contrary that {x,,} is not a Cauchy
sequence and using Lemma 2.6 there exist an € > 0 and two sequences {m, } and {n, } of positive integers such
that the following four sequences tend to € when k — oo:

{d(mek,xan)}, {d(mek'xanH)}: {d(mek—prnk)}: {d(mek—l'xanH)}-
Using (3.1.1) for x = x5, _4 and y = x5y, , we have

¥ (d(tamy x2001) ) = ¥ (@(FX2m-1, 920, )

< (¥ (MG 7)) )1 (MCzmer. %))
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where

M(mek—l' xan) = max { d(mek—p xan), d(mek—1'fx2mk—1)' d(xan, ngnk)'
1
2 (d(mek—p ngnk) + d(xan'fomk—J)}
= max {d (mek—l' xan), d(mek—p mek)' d(xan, x2nk+1)'

1
2 (d(mek—l'xanH) + d(x2nk'x2mk))}

Letting k — oo and using lemma 2.6, we have

(e+e)} _.
5 =e.

gi@M(mek—l' xznk) = {e, 0,0,

% < a@PM(xXymy-1,%2n, ) < 1 using the fact that

€= #_Zgod(fomk—ngan) = iil?oM(mek—l'xan)' we get

a(zp(M(mek_l,Xan))) =1, Since @ € S, hence zp(M(mek_l,xan)) =0. Since P is a continuous
mapping, Y(e) = 0and so € = 0 which contradicts of € > 0 and shows {x,,} is a Cauchy sequence. By
completeness of X there exist a point u € X such that {x,} and its subsequences {x,,} and {x,,,,} are also
converges to u.

Suppose that f is continuous since x,, — u so we have x,,,; = fx,, — fu. On the other hand since
Xgne1 — U it follows that fu = u now, sinceu < u takingx = y = u in (3.1.1), we have

P(d(fug0) < a(p(Mw))p(M@w),

SO

where
M(u,u) = max{ d(u,w),d(u, fu),d(u, gu),% (d(u,gu) + d(u, fu))}
= max{d(u,u),d(u,u), d(u,gu),% (d(u, gu) + d(u,u))}
= d(u, gu)
Hence

¥(d(gu,u )) <a (z,b(d(u,gu))) tp(d(u,gu)) < P(d(u, gu)), yields that gu = wu.

Again suppose that g is a continuous since x,,,; — U so we obtain
Xont+z = GXone1 — gU. On the other hand since x,,,, — u it follows that gu = u now, since u < u taking
x =y =uin(3.1.1), we have

t,b(d(fu,gu)) <a (t,b(M(u, u))) l,b(M(u, u)),

where
M(u,u) = max{d(u,u),d(u, fu), d(u,gu),% (d(u, gu) + d(u, fu))}
= max{d(u,w),d(u, fu),d(u, u),% (d(u,u) + d(u, fu))}
=d(u, fu)
Hence
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Y(d(fuu )) <a (1/J(d(u,fu))) z,b(d(u,fu)) < P(d(u, fu)), yields that fu = u.
Now if (2.2.1) holds, then
d(fuu) < d(fu, gxzn ) + d(gxzn,u)
Since Y is non-decreasing and sub-additive so we have
Yd(fu,u)) < PA(fu, gx,,)) + P(d(gxy,,u))
< a@Mu, x30 DYM (W, 225, ) + P(d(x2n4q,u))

where

M(u' xZn) = max {d (u' xZn)' d(u' fu)' d(xzn' ngn)'% (d (u' ngn) + d(xzn' fu))}

1
= max {d(u, x3,),d(w, w), d(x,y, x2n+1)’§ (A, X3p41) + d (X, w)}

1
= max {d(u, x5,,), d (W, w), d Xz, X3141), 2 (d(X2n) X2041))}

= max {d(W, x2,), 0, d(Xzp, Xp11)}
Since d(u, x5, ) = 0,d (W, X341 ) = 0, d(xpp, Xop4q) > 0asn - o
Hence
P(d(fu,u)) < (0) +9(0) = 0.
i,e l,b(d(fu, u )) = 0 if and only if d(fu,u ) = 0 therefore fu = u. By using similar argument we have

gu = u. Thus u is a common fixed point of f and g.

For the uniqueness suppose that u and v be any two common fixed points of f and g then from (3.1.1),
we have

d(fu,gv) < a(M(u,v))M(u,v)
where

M(u,v) = max{d(u,v),d(u, fu), d(v,gv),% (d(u, gv) + d(w, fu))}

= max { d(u,v), 0,0,% (d(u, v) + d(u, v))} =d(u,v)
Hence
d(u,v) < a(d(u, v))d(u, v) < d(u,v), yields thatu = v i.e. common fixed points of fand g is unique
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